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Abstract In this paper, we present new convergence results of augmented Lagrangian
methods for mathematical programs with complementarity constraints (MPCC). Modified
augmented Lagrangian methods based on four different algorithmic strategies are consid-
ered for the constrained nonconvex optimization reformulation of MPCC. We show that the
convergence to a global optimal solution of the problem can be ensured without requiring

the boundedness condition of the multipliers.
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1 Introduction

Consider the following mathematical program with complementarity constraints (MPCC):

min f(x)

st. Gi(x) 20, Hi(x) 20, Gi(\)H;(x) =0, i=1,...,my,
gix) <0, j=1,...,mp,
hi(x)=0, I=1,...,m3,
xeX,

where f, G;, H;, g; and h; : R" — R are all continuously differentiable functions, and X is
a nonempty closed set in R”.

Mathematical program with complementarity constraints is an important class of opti-
mization problems with wide applications in economics and engineering [20]. Due to the
presence of the complementarity constraints, Mangasarian—Fromovitz constraint qualifica-
tion (CQ) or the linear independence CQ is never satisfied at any feasible point of MPCC
[32]. Traditional nonlinear programming methods are therefore not applicable to MPCC. It
has been shown in [24] that the linear complementarity problem is equivalent to the linear
integer 0—1 feasibility problem. In the case of linear complementarity constraints this makes
the problem computationally more tractable. Some complementarity problems can be viewed
as special cases of variational inequalities (see, e.g., [10,11]). In recent years, MPCC has
attracted much attention in nonlinear optimization. A comprehensive and in-depth theoretical
study of MPCC can be found in [8,32]. Various methods for MPCC have been proposed (see
e.g., [7,9,13,30,31] and the references therein).

One of the approaches for MPCC is to reformulate it as a constrained optimization
problem by NCP function. The reformulated problem can then be dealt with by methods
developed in nonlinear programming. Recently, Yang and Huang [35] used the Fischer—
Burmeister function to reformulate MPCC as a nonsmooth constrained optimization problem
and applied Rockafellar’s augmented Lagrangian method to solve the resulting constrained
optimization problem. A partial augmented Lagrangian method was also proposed in [14]
for solving MPCC. The convergence of the Lagrangian methods was analyzed in [14,35] in
terms of their first and second order optimality conditions under the boundedness assump-
tion of the multiplier sequence. Convergence properties of augmented Lagrangian meth-
ods for constrained nonconvex optimization have been investigated by many researchers
[1-3,5,16,17,21,23,25,26,34].

The purpose of this paper is to study the convergence properties of augmented Lagrang-
ian methods based on two classes of Lagrangian functions for MPCC. In particular, we are
concerned with the following question: When does the augmented Lagrangian method con-
verge to a global solution of MPCC if the Lagrangian relaxation problems can be solved
globally? To answer this question, we propose four modified augmented Lagrangian meth-
ods that adopt safeguarding strategy, conditional multiplier updating rule, penalty parameter
updating criteria and normalization of the multipliers, respectively. The convergence to a
global solution is proved for these modified augmented Lagrangian methods without appeal-
ing to the boundedness assumption on the multipliers. The convergence results obtained in
this paper provide theoretical foundations for the use of augmented Lagrangian methods for
mathematical programs with complementarity constraints.

The paper is organized as follows. In Sect.2, we introduce two classes of augmented
Lagrangian functions for MPCC. In Sect.3, we present the convergence properties of the
basic augmented Lagrangian method for MPCC under standard assumptions. The modified
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augmented Lagrangian method with safeguarding is investigated in Sect.4. In Sect.5, we
establish the convergence results of the augmented Lagrangian method with the conditional
multiplier updating. The use of penalty parameter updating criteria and the normalization of
multipliers are discussed in Sect. 6. Finally, some concluding remarks are given in Sect. 7.

2 Two classes of augmented Lagrangian functions

In this section, we describe two classes of augmented Lagrangian functions for MPCC. The
augmented Lagrangian methods investigated in the subsequent sections are based on these
two classes of functions.

A function ¢ : R2 — R is called an NCP function if it satisfies

¢(a,b) =0 ifandonlyif a >0, b>0, ab=0.

Examples of ¢ include the min-function ¢min(a, b) = % (a +b—+/(a— b)z), the Fischer—
Burmeister function ¢FB (a,b) = a + b — ~/a? + b2, and the Mangasarian function qu
(a,b) =6(la — b|) —0(a) — 0(b), where 6 : R — R is a strictly increasing function with
6(0) = 0 [22]. Observe that ¢FB and ¢>mi" are smooth on R2 except at (0, 0) and the line
a = b. Note also that oM is smooth when taking 6 (r) = %tltl or 3. Recently, a new class of
NCP-functions XY (a, b) = yo(ab) — 1 (—a, —b) are given in [15], where Yo : R — R
and ¥ : R?2 — R satisfy

Yot) =01<0, Y@, b)=0sa=<0,b=<0.

Notice that when setting ¥o(r) = [max{0, ¢}]7, ¥1 (a, b) = [(max{0, a})?4(max{0, b})21/?
P
or Y (a, b) = [max {O, a+b++a?+ bz}] , where p > 1, *¥YF is continuously differ-
entiable up to (p — 1)th order.
Now, let ¢ be an NCP function. Then MPCC can be reformulated as the following con-
strained optimization problem:

(P) min f(x)
st. ¢i(x) =¢(Gi(x), Hi(x)) =0, i=1,...,my,
G =0, j=1,....m,
h(x)=0, I=1,...,m3,
x € X.

Let ®(x) = (¢1(x), ... ¢m )7, g(x) = (g1(x), ..., gmy X)T, h(x) = (hi(x), ...,
hm3(x))T. The augmented Lagrangian of Rockafellar and Wets associated with (P) [29,
Chapt. 11, Sect. K*] is defined as

Li(x, i, hv,0) = f(x) =l @(x) + cop (@ (x) — v h(x) + co3(h(x))

+ min [—ATZ + caz(z)] , ()]
g(x)+z=0

where ¢ > 0, x € X and (u, A, v) € R™ x R™ x R™3, and the function o; : R™ — R
satisfies the following conditions (i = 1, 2, 3):

(Al) o is astrictly convex function on R™;
(A2) 0;(0) =0 and 0 is the unique minimizer of o; over R";
(A3) Timjz 00 G = +o00.
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Obviously, o(z) = |z]|¥ with y > 1 satisfies conditions (A1)—(A3). The augmented
Lagrangian defined in (1) includes a wide class of augmented Lagrangian functions in the
literature. When o; (i = 1, 2, 3) are separable and twice continuously differentiable, L
reduces to the essentially quadratic augmented Lagrangian function [3,33]. In particular,
when 0;(z) = %HZH% fori = 1, 2,3, L; becomes Rockafellar’s augmented Lagrangian in
[28]:

LE G v 0) = F0) =i @@ + SIOENI =T h(x) + S (o)1
1 &
2 _ 42
+2C§;{[max(o,xj+cgj(x))] —Aj]. )
Note that when setting ¢ = ¢, the above function reduces to the augmented Lagrangian
in [35].
Another general class of augmented Lagrangians for (P) is given by Mangasarian [21] as
follows:
1
Lo, 1t 3, v,0) = () + — D 100egi(x) + i) = 0]
i=1
1 mo
+ = D [0leg; () + 2 —00)]+ Z [0/(chi(x) + vp) — O],

g -

3

wherec > 0, x € X, (u, A, v) € R x R™ x R, 0(s)y+ =0(s)if s >0and 6(s); =0
otherwise, and the function # : R — R satisfies the following conditions:

(B1) @ is continuously differentiable and strictly convex on R;
(B2) 60(0) =0, 6’ mapsR ontoR and ¢’(0) = 0;

B3) 5 — o0, (Is| > 00).

Note that Ly (x, , A, v, ¢) isnotconcave withrespectto (i, A, v) [21, Remark 2.13]. Observe
also that L, reduces to Lf when setting 0(s) = %sz. We see that if 6 is twice differ-
entiable and 6”(0) = 0, then Ly(x, i, A, v, ¢) is twice differentiable with respect to x
when ¢, f and all g; are twice differentiable. Examples of 6 that satisfy conditions (B1)—
(B3) and 6”(0) = 0 include 6(s) = L|s|” (p > 2),6(s) = 5(e' + ™) — 357 — 1 and

6(s) =1 [(e" +e )2 - 1]

3 Basic primal-dual scheme

In this section, we present the basic primal-dual scheme based on the two classes of aug-
mented Lagrangians L; (j = 1, 2) in the previous section and discuss its convergence to a
global optimal solution to MPCC under standard conditions.

The augmented Lagrangian relaxation problem associated with L;(j =1, 2) is

dl (. h,v) = min Lj(x, g, h,v,0), j=1,2. “
xeX
Let
PO o) = min [Tz 4 con(@)]. )
y+z=<0
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Condition (A3) for o, ensures that P(y, 1, ¢) > —oo for any y, A € R™2. Moreover, since
ATz + cor(z) is a strictly convex function of z, the minimization problem in (5) has a
unique global optimal solution 7 (y, A, ¢). We have the following result.

Proposition 1 The dual function d, ! is a concave Junction on R™ x R™2 x R™3. Moreover,
forany (i1, A, V) € R™ x R™2 x R"™ wzthd (fL, A, D) > —00, (=P (%), —m(g(X), A, ¢), —
h(x)) is an e-subgradient ofdc1 at (L, &, V), where X is an €-approximate optimal solution
to the relaxation problem (4) associated with Ly, i.e.,

Li(X, i, A0, ¢) < Li(x, i, A, D,¢) +€, VxeX.

Proof From (5), P(g(x), A, c) is the minimum of linear functions of A. Thus P(g(x), X, ¢)
is a concave function of A. Since

Li(x, i, hyv,0) = f(x) — pl @) + o1 (@(x)) + P(g(x), &, ¢) — vl h(x) + co3(h(x)),

we infer that d I(M, A, V) is also a concave function of (u, A, v). Moreover, from (5), it
is easy to see that —m(g(x), A, ¢) is a subgradient of P(g(x), A, c) at A. Thus, for any
(e, A, v) € R™ x R™ x R™3, we have

a’c1 (u, A, v) = f{llel)l(l Li(x,u, A, v,0)
< Ly, Av,0)
= f(&) = pu" @) + col(PX)) + P(g(X), A, ) — v h(X) + co3(h(¥))
< @) — 1 PE) + col(@F) + P(g(F), &, ¢) — v h(¥) + co3(h(¥))
—o® (u—p) —7(@E, AT =1 —h@ (-1
<d} (i, 2, 0) — 2 (- @) — (@), 1, )" (A= 2) —h@ (v — D) +e,

which implies that (—® (¥), —7 (g(X), A, ¢), —h(¥)) is an e-subgradient of d at (iz, A, D).

O
We now describg the basic primal—dual method based on L and L;. Define hi(x,d,c) =
(hy(x.d,c), ... .hy;(x.d, )" (j =1,2,3) with
—; for L
Moy = 1 90, !
i (64 0) [(l/c)[9/<c¢,-<x>+m>—e/c;m], for L,
—Zi for L
R(x,h, ) =1 6
P00 R ) [(1/c> [0/ (cai ) + )y — 0], for Lo ©
—h; (x), for L

3 ) —
6000 = | S o+ w00, for

where z = (z1, ..., zmQ)T is the optimal solution of problem (5).

Algorithm 1 (Basic primal-dual method)

Step 0. (Initialization) Select two positive sequences {cx}72, and {e;}72, with ¢, — 0 as
k — oo. Choose /LO e RM A0 e rm 0 ¢ R™3 Setk = 0.
Step 1. (Relaxation problem) Compute an x* € X such that

L(x [L A vk ck)<m1nL (xp, A vk o) e (J=1,2). )
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For L, compute the optimal solution 2K = w(g(x%), A%, ) to the following convex
problem
min{—(*)"z + ko2 (2) | g(x¥) + 2 < 0. ®)
Step 2. (Multiplier updating) Compute
pEH = pk 4 oeh (K, pk, e,
AFL = 2K 4 eh? (6, 2K, ep), )
vl = R e B3R vk ).

Step 3. Setk :=k + 1, go to Step 1.

Remark 1 By Proposition 1 and Step 1, (=D (x5, =z, —h(x*)) is an €ex-subgradient of the
dual function d Clk at (u*, A%, v5). Thus, the multiplier update (9) for L can be viewed as
executing an e-steepest ascent step for maximizing the dual function d}k with step-size ck.
Also, note that

aL 3 7)\, ) 1 / /

W = 10/ (e () + i) — 0" ()],
Wi c

oL A 1

% = [0/ (ci () + 2) 4 — 0/,

i C

W2 i 22O Lty ey vy + ) — 0/ )1

81),' C

Thus, the multiplier update (9) for L; is an €,-steepest ascent step for maximizing the dual
function dczk with stepsize c.

We need the following assumption:
Assumption 1 f = infyex f(x) > —o0.

Assumption 1 and conditions (A1)-(A3) foro; (i = 1, 2, 3) ensure that Step 1 is well defined.
Obviously, Assumptions 1 is satisfied if X is a compact set. We point out that Assumption 1
is standard in the convergence analysis for augmented Lagrangian methods for constrained
global optimization [18,19,33].

The following convergence result for Algorithm 1 can be proved by using similar argu-
ments as in the proof of Proposition2.1 in [3].

Theorem 1 Assume that Assumption I, (A1)—(A3) for o;(i = 1,2, 3) and (B1)—(B3) for 6
are satisfied. Suppose that {(uk, Ak vKYY is bounded. If c;p — oo as k — oo, then each limit
point of the sequence {x*} generated by Algorithm 1 is a global optimal solution to MPCC.

We point out that the boundedness assumption for {(uf, A¥, v¥)} is essential for ensuring
the convergence result of Theorem 1, whereas the multiplier update of {(uF, A, v} in Step
3 does not affect the convergence. In the subsequent sections, we will propose four differ-
ent algorithmic strategies to modify the basic primal-dual method so as to circumvent the
boundedness condition of the multipliers in Theorem 1.

4 Modified augmented Lagrangian method using safeguarding
In this section, we use the safeguarding technique to modify the basic primal-dual algorithm

[1,2,4,18]. This simple technique ensures the boundedness of the multiplier sequence by
projecting the multipliers in Step 2 of Algorithm 1 onto suitable bounded intervals.
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Algorithm 2 (Modified primal-dual method using safeguarding)

Step 0. (Initialization) Choose a positive sequence {e;}°, with €, — 0 ask — oo. Choose
y>18€e(0,1),¢;>0,—00 <a) <p/ <oofori=1,....m;, je{l,2,3]}.
LetTj={zeR" |a/ <z </, i=1,...,mj}, j=1,2,3. Choose i! € T,
MeTand ! € T3.Set,00 =1landk = 1.

Step 1. (Relaxation problem) Compute an x* € X such that

Lk, gk 2% ok e < min L (x, AR T e de, j=1,2. (10)
XE

For L1, compute also a z* such that
= argmin{—(ik)Tz + cron(2) | g(xk) +z <0} (11)
Step 2. (Multiplier updating) Compute

Wl = i+ eeh! (65, ¥, ep),
AL = 3k e B2 (xR 0K e, (12)
VAL = Bk k3 (kDR ).

Step 3. (Safeguarding projection) Compute

A =P (),
}Lk+l — ,PTZ()‘-k+1)7 (13)
]—)k+l — PT} (vk-ﬁ-l)7

where Pr; (z) denotes the Euclidean projection of z on 7.
Step 4. (Parameter updating) Let p¥ = [|(h' (x¥, 7%, cp), h2(x%, 2%, ), B3 (x%, K, o). If

pt <8, (14)
set cx4+1 = ¢k, otherwise, set cx+1 = yck. Setk := k + 1 and go to Step 1.
We first discuss the convergence of Algorithm?2 using L.

Theorem 2 Assume that Assumption 1 and (A1)—(A3) foro; (i = 1,2, 3) are satisfied. Then,
each limit point of the sequence {x*} generated by Algorithm?2 using L is a global optimal
solution to MPCC.

Proof Let x* be a global solution to MPCC. By (10) in Algorithm?2, we have
LiGf 75 7508 a0 < Lo, 24 35 6 e + e (15)

Since P(y, X, ¢) defined by (5) is nondecreasing of y for fixed A € R™2 andc¢ > 0, g(x*) <0
together with 02 (0) = 0 implies

P07 o) < PO, 3, c) = min [-GH 2 + 02| = =GHT -0+ aoa(©) = 0

for all k. Note that the feasibility of x* implies 4 (x*) = 0 and ®(x*) = 0. Also, 0;(0) =0
for j = 1, 3. Therefore, by the definition of L, we have from (15) that

F5 = @HT @R 4 cror (@ (%)) — TR + cpos (h(xF))

+ min I:—()_»k)TZ-i-CkO?(Z)]Sf(x*)-i-fk. (16)
g(xk)+2<0
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Since z¥ is the optimal solution of problem (11), it follows from (11) and (16) that

g(xk) +25<0, Vk, 17
FG5 = @HT M) + ko (@(:F)) — G TR + croz (h(x*))
—TF + oa () < FO) + & (18)

Case (i): ¢y — o0 as k — o0. Define o (u, v, z) = o1(u) + 02(2) + 03(v). Let tF =
(uk, vk, zk), where uk = d>(xk), vk = h(xk). By Assumption 1, i = infycyx f(x) > —o0.
It follows from (18) that

—k T -k T Tk T
_ (‘L) o (L) o (i) Fho@) < LG - f4al. (19)
Ck Ck Ck Ck -

We claim that {t¥} is boun(}ed. Otherwise, suppose, without loss of generality, that Ik —
o0 (k — 00). Since {(p'ck, Ak 17")} C T1 x T, x T3 is bounded by Step 3 of the algorithm,
we deduce from (19) that

k
lim sup G(i ) <0
k— o0 ”T ”

(20)

Now, by conditions (A1)-(A3) for o; (j = 1,2,3), o is a strictly convex function with
o(r) = 0 on R™+M2+m3 and o (0) = 0. Thus, using Corollary 3.27 in [29], we obtain
lim infg— o0 o (z¥)/||7%|| > 0, a contradiction to (20).

Now assume, without loss of generality, that T8 = (X, v*, z5) — T = (i, 0,72) as
k — oo. It follows from (19) that

o (%) < liminf o (z%)
k—o0

1 ik T SN\ T N T
<liminf § —[f(x*) — f + &] + (—) uk + (—) ok 4 (—) F=o.
k—oo | Ck - Ck Ck Ck

Sinceo (t) > 0and o (0) = 0, wehave T = (u, v, z) = 0. Thus, from (17) and the definitions
of u¥ and v¥, we have

lim ®(%) =0, lim h(x*) =0, limsupgx*) <o0. 1)
k—o0 k—o00

k— 00

On the other hand, it follows from (18) that
FO5 = @HT0EN = HThEN - 09T < e e, forallk.  (22)
Since {(it%, 2%, 9%)} is bounded, z¥ — 0 and ¢, — 0, taking limit in (22) gives rise to

limsup f (x*) < (™), (23)
k—00
which together with (21) and the closedness of X implies that any limit point ¥ of {x*} is
feasible for (P) and f(X) = f(x*), i.e., X is a global optimal solution to (P). Since (P) and
MPCC are equivalent, x is also a global optimal solution of MPCC.

Case (ii): {cx} is bounded. In this case, condition (14) in Step 4 must be satisfied at
each iteration for sufficiently large k. Since § € (0, 1), we infer that pk — 0 (k > o0).
By (6), (17) and the definition of o in Step 4, we get (21). Moreover, since {(F, 2F, vhyy
is bounded, 0;(0) = 0 (j = 1,2,3) and ¢ — 0, taking limits in (18), we also
obtain (23). ]
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Lemma 1 ([21])

1) 0G+t)—-01t)=0=>s5s=0;
(i) O'(s+t)y—0@t)=0=s5<0,1>0, st=0.

Next, we give the convergence result for Algorithm2 when using L».

Theorem 3 Assume that Assumption 1 and (B1)—(B3) for 6 are satisfied. Then, each limit
point of the sequence {x*} generated by Algorithm 2 using L, is a global optimal solution
to MPCC.

Proof Let x* be a global solution to (MPCC). By (10), we have
Ly(x*, g% 25 0% e < Lo(e*, g% 38 0% o) + e (24)

By (B1)-(B2), 6(s) > 0 for s € R and 0’ is strictly increasing on R. Also 6’(0) = 0 and
0’(s) > Ofors > 0imply that '(s); > Ofors € R. Thus, 6(-)4+ is monotonically increasing
on R. Since g;(x*) < 0, 6 is nonnegative and 0(0) = 0, it holds

0 (crgj(x™) Jri’;.)+ < 9(;1;)+ < e(i’;)

for all j and k. Also, the feasibility of x* implies ¢; (x*) = 0 for all i and 2(x*) = 0. So, by
the definition of L, and (24) we have

1 ni B _ ] ny B B
65+ - E[ewk@ )+ i) — o)1 + o Zl[e(ckgj(xk) +35) =005
m3

+ i D [0(ckhi () + ) = 0GP < f(™) + & (25)
=1

Let x be a limit point of {x¥}, and K c {I,2,...} be such that x* — ¥(k € K). The

closedness of X implies x € X.

Case (i): cx — 00 as k — o0o. We first prove that g;(x) <0, j = 1,..., m;. Suppose
that there exists jp such that g, (x) > 0. Let € = gj,(x)/2. Then there exists ko > 0 such
that g, (x*) > € for k > ko, k € K. Thus, cxgj,(x*) + X’;O > cre + X’;O for k > ko, k € K.
By the monotonicity of 6(-)4, we have

0(ckgjy(x*) + 15 ) = O(cre + 254 for k = ko, k € K. (26)

By Step 3 of the algorithm, {(itF, 2¥, ¥%)} c Ty x T» x T3 is bounded. Using (26) and
Assumption 1, we obtain from (25) that

1< 1 . 1 <& - <
e ZG(Mf)+;9(6kgjo(xk)+?»/}o)+—a Zeuﬁ)—azew,k)
i=1 j=1 =1

1 < 1 1 & 1 <
= f = — D0 + (ke + )4 — — D 0G) — — >0
S Ck ko k=

— o0 (k — 00, k € K),
where the third term in the last inequality tends to co due to ¢ — 00, condition (B3) and the

boundedness of {A¥}, while the second, forth Eind fifth terms all tend to zero because of the
continuity of # and the boundedness of {(7*, A¥, 5%)}. The above contradiction implies that
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gj(x) <0,j=1,...,mo. Similarly, we can prove ¢; (x) = 0,i = 1,...,myand h(x) =0,
and therefore x is a feasible solution to MPCC.
On the other hand, it follows from (25) that

Fet) - clkm;@ () - clk]m;e (1) - c]k,zzle (#) = e +een

Since {(¥, 2¥, 5%)} is bounded, € — 0 and 6 is continuous, taking limit in (27) with respect
to k € KC gives rise to

F@) = fG5).

Hence, f(x) = f(x*) and by the feasibility of x, x is a global optimal solution to MPCC.

Case (ii): {ck} is bounded as k — oo. From Step 3, we have py — 0 (k — o00) and
ck = cx, for k large enough. By the definition of pX, we have h/(x¥, i*, cx) — 0 as
k — oo, j = 1,2, 3, which, by the definition of 4/ [cf.(6)], implies

limg oo - [0 (e (5) + 2) = 0" (7f)] =0, i=1,....m,
limg— oo [9’(ckgj(xk) +iky — A’;)] =0, j=1,....m,
limy—s o0 & [0/ (ckhy (x¥) + 5F) — 0" (5F)] =0, 1 =1,...,m3.

Ck

Note_that (7K, Xk ,_ﬂk)} is bounded. Without loss of generality, we may assume that
(ak, Xk, 9Ky > (@1, A, D) (k = 00, k € K). Thus

0 (crgi (B) + i) —0'(A) =0, i=1,....my,
0/ (cko8 () +2j)4 —O0'Gj) =0, j=1,....m, (28)
0" (crohi(X) +v) —0'(v) =0, I=1,...,ms.

By Lemma 1, we have

$i@=0,i=1,....m, h@ =0, 29
gi(x) =0, 4; =0, A;g;j(x)=0, j=1,...,ma.

Thus, x is feasible to MPCC.
Let W(s,t) =0(s+1t)+ —6(t). By (B1)-(B3), we see that W (s, t) is convex with respect
to s for fixed r € R. Also, W(0,¢) <0 fors € Rand W/(s,t) = 6'(s + ). Thus,

0> W(0,1) > W(s, 1) + (0 —s)W/(s,1), VseR,
this is
s0'(s+1) > W(s,t), VseR,teR. (30)
Note also that
W(s, t) >0+ —0@1) +50' (), VseR,teR. 31
It then follows from (30)—(31) that for k large enough,
L) 0 ) o (7). = T (st 7)
< N0 (g (N + 1)
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for all j. Taking limits in the above inequality and using (28)—(29) and 6’(0) = 0, we obtain

: 1 ky 7k =\o/ (3 .
kﬁ&%éﬁgW(Ckgj(x ),)Lj):gj(x)g GH=0, j=1,... m.

Using similar arguments, we can prove that

. 1 ky | -k s .
im0 (agieh wat) o ()] =0 i= 1 m,

lim i[9(ckh,(xk)Jrf),")—(9(17,’<)]:o, I=1,... mj.

k—00,kelC Cf

Hence, we obtain from (25) that f(x) < f(x*), which combined with the feasibility of x

implies that x is a global optimal solution to MPCC.

m}

5 Modified augmented Lagrangian method with conditional multiplier updating

In this section, we discuss an alternative strategy to modify the basic primal-dual algorithm
using L for solving MPCC. The underlying idea is to modify Step 3 of Algorithm 1 so that
the multipliers remain unchanged unless certain reduction of the norm of the subgradient
of the dual function d! is achieved. Similar idea for multiplier updating was used in [5] for

smooth equality constrained optimization problem.

Algorithm 3 (Modified primal-dual method with conditional multiplier updating)

Step 0. Choose initial multiplier vectors 20, MO, v0 and the constants ¢o > 1, ug > 0,
v >0,7>1Ly1€01,0<e<Lla;>05p8,>0a, >0,p, > 0. Set

oy = min(i, Y1), €0 = vp (@0)*, and no = ug (xo)*”, and k = 0.
Step 1. Find an x* satisfying

Ly (xk, k28 vk ) < min Ly (x, 1dF, 2508, ep) + &,
xeX

Step 2. Compute the optimal solution z¥ to the following convex problem
min{—(57z + ckoa(2) | g(x*) +z < 0}
Let pf = (@97, (DT, k(D). 1
P <,

go to Step 3. Otherwise, go to Step 4.
Step 3. If pk < €, stop. Otherwise, set

pErl = pk — o (6,

}\‘k+1 — )»k _ Cka,
VAL = vk — b (xR,
Ck+1 = Ck;

. 1
Q1 = min (Ck+1 : Vl) :
k1 = ex(ap1)Po,
M1 = Mk (k)P

Setk :=k+ 1, go to Step 1.

(32)

(33)

(34)
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Step 4. Set
Wk = gk kL gk kR ok
Ck+1 = TCk,
@iy =min (-, 11, (35)

€x+1 = volagy1)%,
Nk+1 = uo (k1) .

Setk :=k + 1, go to Step 1.

Let € = 0 in Algorithm3 and w* = (u¥, 1%, V). The following lemmas can be proved
by using the similar arguments as in the proofs of Lemma4.1 in [5] and Lemma?2 in [18].

Lemma 2 [fcp — oo when Algorithm 3 is executed, then limy_, o % =0.

Lemma 3 If {ck} is bounded when Algorithm 3 is executed, then {oF} is convergent.

We now present the convergence results for Algorithm 3. We assume that the condition
(A3) foro; (j = 1,2, 3) is replaced by the following condition:

(A3’) There exist & > 0(j = 1,2, 3) such that
0j(@) = Ellzl’, j=1,2,3, VzeR"™. (36)
Note that condition (A3") implies condition (A3).

Theorem 4 Assume that Assumption 1, (A1)-(A2) and (A3) for o (j = 1,2, 3) are satis-
fied. Then, each limit point of the sequence {x;} generated by Algorithm 3 is a global optimal
solution to MPCC.

Proof Let x* be a global solution to MPCC. Similar to the proof of Theorem 2, we have

g(xk) +78 <0, Vi, 37)
FO5) = @HT oM + o (@(:R)) — T h(K) + cro3 (h(x*))
—05TF + epor(F) < FO) + & (38)

Suppose that x* > xask - coandk € K C {1,2,...}. The closedness of X implies
x € X. We consider the following two cases.
Case (i): cy — oo when the algorithm is executed. By Lemma?2, it holds

wk
lim — =0, 39
kb0 /Cr (39)
which implies limg_, ‘c"—: = 0, where of = (,uk, 2k vk). Using the similar arguments as
in the proof of Theorem 2, we can infer from (37) and (38) that x is a feasible solution to
MPCC.
On the other hand, using Cauchy—Schwartz inequality, it follows from (36) and (38) that
Fa) +ea = f&H = @hHT o) + o (@b
— TN + o3 (h(x¥) — AT 2* + croa ()
> £O5) = 1RGN |+ e [
— VARG + cx&s A IZ = 15125 + &acrll )1
OSSN 17l Gy LS G I &
B dgicr A A&k
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where the last inequality follows from the fact that the minimum of the convex function
—bt + ar?® (@ > 0) over R is —%. Since €, — 0 as k — oo, taking limits in the above
inequality and using (39) give rise to f(x) < f(x*). Thus, f(x) = f(x*) and by the
feasibility of x, x is a global optimal solution to MPCC.

Case (ii): {ck} is bounded when the algorithm is executed. Then Step 2 must be executed
at each iteration for k sufficiently large. This implies that (33) is always satisfied for k large
enough. Hence n; — 0 and p* — 0. By Lemma3, {(u*, Ak vk converges. Also, from the
algorithm, we have €, — 0. Similar to Case (ii) in the proof of Theorem 2, we can infer from
(37) and (38) that x is a global optimal solution to MPCC. ]

6 Penalty parameter updating and normalization of multipliers

In this section, we investigate the use of two other strategies in modifying the basic augmented
Lagrangian algorithm when using L1 or L.

We first investigate the strategy of updating the penalty parameter ¢y using the information
of multiplier [12,27,34].

Theorem 5 Assume that Assumption 1, (A1)—(A2) and (A3') foro; (j = 1,2,3) and (B1)-
(B3) for 0 are satisfied. Let ci in Algorithm 1 be updated by the following formulations:
2
Ck [max {y > Z] | ’ " UIkHH] i for L
¢ max {)/, 2721 0 (,uf“) , Z']"il 0 (A]J‘-H) Z;"j 0 ( k+l)] , for L,

where y > 1. Then each limit point of the sequence {xy} generated by the modified Algo-
rithm 1 is a global optimal solution to MPCC.

k+1

Ckt1 = (40)

Proof We first prove the theorem for L. Let x* be a global solution to (P). Similar to the
proof of Theorem 2, we have (37) and (38). Since y > 1, we see from (40) that ¢y — oo as
k — oco. Again, from (40), we have

1 Zmll |Mk+l|

=t > 0.
JE T e
Thus
k
lim \’/L 0. (41)
Similarly, we have
k k

A v
lim — =0, lim — =0. 42
kinolo Ak kggo Ak (42)
Using the similar arguments as in Case (i) of the proof of Theorem 4, we can prove from (37),
(38), (41) and (42), that each limit point of the sequence {xKyisa global optimal solution to
MPCC.
Next, we prove the case for L. From (40), we have

hm—ze( )=o0. lim 129(&‘):0, 11m—20( ) =o0. 43

k—o00 Ck k—00 C| “ k—o00 Ck
l
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Simil_ar to Case (i) in the proof of Theorem 3, using (43), we can deduce from (25) (with
(@k, Ak, v%) replaced by (uk, A%, V%)) that each limit point of the sequence (xKVisa global
optimal solution to MPCC. O

Next, we consider another approach to guarantee the boundedness of multipliers in the
basic augmented Lagrangian method. The idea is to normalize the multipliers in the aug-
mented Lagrangians L ;(j = 1, 2). Similar idea was used in [6] for constructing another type
of augmented Lagrangian function. Let
L 1k —t 1k L ok
pr=aen A= VS T

L+ [kl L+ (1A% L+ v

Replacing (uk, Ak, vy in the definition of L; (j = 1,2) with (%, Xk, 5%) results in the
following normalized Lagrangian functions:

(44)

LiGe, ", M08 o) = L, @, 0,4, 0), j=1,2. (45)

Theorem 6 LetL;(j =1,2)in(7)and ¥ in subproblem (8) in Algorithm 1 be replaced by
L j(j=1,2)and 2k, respectively. Also, let the multiplier updating in Step 2 of Algorithm 1
be replaced by

Pt = Gk en! (o8, i ),
ML= 3K e (R 0K ),
VAL = BF k3 (R vk ).

Suppose that Assumption 1, (A1)—(A3) for o; (i = 1, 2, 3) and (B1)—~(B3) for 0 are satisfied.
If ¢; — 00 as k — oo, then each limit point of the sequence {x*} generated by the modified
Algorithm 1 is a global optimal solution to MPCC.

Proof We only prove the theorem for L. The case for L, can be proved similarly. By Step
1 of Algorithm 1 and (45), we have

Ly (x5, ik 2K 5%, ) < min Ly (x, @5, 25 9%, cp) + &
xeX

Note from (44) that {(z%, ¥, 1)} is bounded. The reminder of the proof is similar to Case
(i) of the proof of Theorem 2. O

7 Concluding remarks

We have presented some new convergence properties for modified augmented Lagrangian
methods based on two classes of augmented Lagrangian functions for MPCC. The main
contribution of the paper is an investigation of different strategies for modifying the basic
primal—-dual method so that the convergence to a global optimal solution can be achieved
without appealing to the restrictive assumption on the boundedness of the multipliers. The
results obtained in this paper may help to understand the global behaviors of augmented
Lagrangian methods for MPCC.
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